
PANEPISTHMIO KRHTHS
Tm ma Epist mhc Upologist¸n

HY-317: Efarmosmènec Stoqastikèc DiadikasÐec - Earinì Ex�mhno 2005
Did�skwn: P. TsakalÐdhc

LÔseic DeÔterhc Seir�c Ask sewn

HmeromhnÐa An�jeshc: 13/04/2005 HmeromhnÐa Par�doshc: 20/04/2005

'Askhsh 1.

(a) To di�gramma katast�sewn thc Markobian c alusÐdac eÐnai to ex c:

Sq ma 1: To di�gramma katast�sewn gia thn �skhsh 1

(b) Apì thn kat�stash 1 pern�me sth kat�stash 5 mèsw toul�qiston tri¸n metab�sewn. Ta
monop�tia apì thn kat�stash 1 sthn kat�stash 5 epÐshc perikleÐoun monop�tia me
anakÔklwsh apì thn kat�stash 1 pÐsw sthn 1 (megèjouc 3)  /kai monop�tia me
anakÔklwsh apì thn kat�stash 5 pÐsw sthn 5 mèsw thc kat�stashc 7 (eÐte megèjouc 2  
megèjouc 3). Epomènwc, ta dunat� megèjh monopati¸n eÐnai: 3 + 2m + 3n, gia m,n ≥ 0.
'Ara, r15(n) > 0 gia n = 3   n ≥ 5.

(g) Apì tic katast�seic 1, 2 kai 3 mporoÔme na metaboÔme se ìlec tic �llec katast�seic diìti
up�rqei èna monop�ti mh mhdenik c pijanìthtac apì autèc tic katast�seic mèsw thc
kat�stashc 3 se opoiad pote �llh kat�stash. Apì tic katast�seic 4, 5, 6 kai 7 up�rqoun
mìno monop�tia proc tic katast�seic 5, 6 kai 7.
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(d) Oi katast�seic 5−7 eÐnai periodikèc diìti lìgw thc logik c thc ap�nthshc sto (g) er¸thma
mporoÔme na fj�soume se autèc apì opoiad pote �llh kat�stash. Oi katast�seic 1− 4
eÐnai metabatikèc diìti mìlic to sÔsthma metabeÐ se katast�seic met� apì thn kat�stash 4
den mporeÐ na epistrèyei se k�poia �llh kat�stash ektìc apì tic katast�seic 5, 6 kai 7.
Oi katast�seic 5, 6 kai 7 sqhmatÐzoun mia kl�sh epikoinwnÐac. Epeid  mporeÐ na diasqisteÐ
apì thn kat�stash 5 pÐsw sthn 5 se 2   3 b mata, to sÔsthma mporeÐ na epistrèyei sthn
kat�stash 5 èpeita apì n b mata gia opoiod pote n ≥ 2. Epomènwc, to sÔsthma eÐnai
aperiodikì.

(e) Mia met�bash prèpei na prostejeÐ gia thn dhmiourgÐa miac monadik c kl�shc epikoinwnÐac:
gia par�deigma, prosjètontac mia met�bash apì thn kat�stash 5 sthn kat�stash 1 ja
epitrèpame thn met�bash se k�je kat�stash apì opoiad pote �llh kat�stash.
Opoiad pote met�bash apì thn kl�sh epikoinwnÐac twn katast�sewn 5, 6 kai 7 se
opoiad pote apì tic katast�seic 1, 2   3 ja petÔqaine ton Ðdio stìqo.

'Askhsh 2. 'Estw i, i = 1, . . . , 7 na dhl¸nei tic katast�seic thc Markobian c alusÐdac. Apì thn
grafik  anapar�stash tou pÐnaka met�bashc mporeÐ eÔkola na antilhfjeÐ kaneÐc ta ex c:

Sq ma 2: To di�gramma katast�sewn gia thn �skhsh 2

(a) Oi {4, 7} eÐnai periodikèc kai oi upìloipec eÐnai metabatikèc.

(b) Up�rqei mìno mia kl�sh epikoinwnÐac pou sqhmatÐzetai apì tic metabatikèc katast�seic.

(g) Efìson den mporoÔme na metaboÔme sthn kat�stash 1 apì thn 4, limn→∞ p41(n) = 0.
Efìson h 6 eÐnai metabatik  kat�stash, limn→∞ p66(n) = 0.
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'Askhsh 3.

(a) Shmei¸ste ìti jèloume na parakolouj soume ton arijmì twn zeugari¸n twn papoutsi¸n
sthn mprostin  (  sthn pÐsw) pìrta. QwrÐc ap¸leia thc genikìthtac ja parakolouj soume
ton arijmì twn papoutsi¸n sthn mprostin  pìrta. OrÐzoume thn kat�stash Xk tou T�sou
wc ton arijmì twn papoutsi¸n sthn mprostin  pìrta sto xekÐnhma thc k-sthc mèrac.
Opìte, h kat�stash Xk+1 ja exart�tai apì thn Xk kai apì tic pìrtec pou qrhsimopoieÐ o
T�soc gia na bgei èxw (na p�ei sthn doulei�) kai gia na mpei mèsa (gurn¸ntac apì th
doulei�). 'Estw MP na dhl¸nei to gegonìc ìti qrhsimopoieÐ thn mprostin  pìrta gia na
bgei èxw gia na p�ei sth doulei� kai thn pÐsw gia na mpei mèsa met� th doulei�. OrÐzoume me
an�logo trìpo kai ta gegonìta MM, PM, PP. Opìte eÐnai eÔkolo na eidwjeÐ ìti gia
i = 1, 2, 3, 4 isqÔoun ta ex c:

P (Xk+1 = i + 1 | Xk = i) = P (PM)
P (Xk+1 = i− 1 | Xk = i) = P (MP)

P (Xk+1 = i | Xk = i) = P (MM) + P (PP)

Gia i = 0 èqoume:

P (Xk+1 = i + 1 | Xk = i) = P (PM)
P (Xk+1 = i | Xk = i) = 1− P (PM)

Parìmoia, gia i = 5 èqoume:

P (Xk+1 = i− 1 | Xk = i) = P (MP)
P (Xk+1 = i | Xk = i) = 1− P (MP)

Shmei¸ste ìti: P (MM) = P (MP) = P (PM) = P (PP) = 1/4. H epakìloujh Markobian 
diadikasÐa eÐnai mia diadikasÐa gènnhshs-jan�tou me bi = 1/4 gia i = 0, 1, 2, 3, 4 kai di = 1/4
gia i = 1, 2, 3, 4, 5. 'Opwc èqei didaqjeÐ, oi exis¸seic isorropÐac gia tic pijanìthtec
stajer¸n katast�sewn aplopoioÔntai se:

πibi = πi+1di+1, i = 0, 1, 2, 3, 4

mazÐ me thn exÐswsh kanonikopoÐhshc
∑

i πi = 1. H lÔsh sto parap�nw sÔsthma exis¸sewn

Sq ma 3: To di�gramma katast�sewn gia thn �skhsh 3

dÐdetai apì ton tÔpo: πi = b0b1···b4
d1d2···d5

= π0, to opoÐo sunep�getai ìti πi = 1/6, i = 0, . . . , 5.
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(b) O T�soc af nei to spÐti xupìlutoc ìtan den up�rqoun papoÔtsia sthn mprostin  pìrta
(kat�stash 0) kai feÔgei apì thn mprostin  pìrta (me pijanìthta 1/2),   ìtan èqei 5
zeug�ria papoutsi¸n sthn mprostin  pìrta kai feÔgei apì thn pÐsw pìrta (me pijanìthta
1/2). To makruprìjesmo posostì tou qrìnou sthn kat�stash 0   sthn kat�stash 5 eÐnai
1/6, qrhsimopoi¸ntac th met�frash makruprìjesmhc suqnìthtac gia pijanìthtec stajer¸n
katast�sewn gia mia mh periodik  monadik  kl�sh epikoinwnÐac. Epomènwc, to
makruprìjesmo posostì tou qrìnou (dhl. oriak  pijanìthta), se mèrec, pou o T�soc
phgaÐnei sth doulei� xupìlutoc eÐnai: (1/2) (1/6) + (1/2) (1/6) = 1/6.


