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'Askhsh 1.

(a) To di�gramma katast�sewn thc Markobian c alusÐdac eÐnai to ex c:

Sq ma 1: To di�gramma katast�sewn gia thn �skhsh 1

Epijewr¸ntac to parap�nw di�gramma, oi katast�seic 6 − 1, 6 − 2, kai 6 − 3 eÐnai ìlec
metabatikèc, afoÔ k�je mia apì autèc èqei monop�ti pou odhgeÐ eÐte sthn kat�stash 9   sth
kat�stash 15. Oi teleutaÐec dÔo katast�seic eÐnai aporrofhtikèc diìti den up�rqei epistrof 
apì autèc. Epomènwc, h LÐza en tèlei af nei thn t�xh 6 me pijanìthta 1.
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(b) Aut  eÐnai apl¸c h pijanìthta aporrof sewc gia thn èmmonh kl�sh pou apoteleÐtai apì thn
kat�stash thc t�xhc 15. 'Estw ìti dhl¸noume thn pijanìthta na aporrofhjoÔme apì thn
kat�stash 15 upì thn proôpìjesh ìti briskìmaste sthn kat�stash i wc ai. Tìte jètontac
upì ìrouc kai thn epìmenh kat�stash kai qrhsimopoi¸ntac to Olikì Je¸rhma Pijanìthtac
paÐrnoume:
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EpilÔontac to parap�nw sÔsthma exis¸sewn èqoume:

a6−1 =
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184

≈ 0.571

EpÐshc, gia ta �lla ai prokÔptei ìti:

a6−2 = 0.77717
a6−3 = 0.50543

(g) O mèsoc arijmìc hmer¸n antistoiqeÐ ston anamenìmeno qrìno mèqri thn aporrìfhsh gia thn
metabatik  kat�stash 6 − 1. 'Estw µi o anamenìmenoc qrìnoc mèqri thn aporrìfhsh me
thn proôpìjesh ìti eÐmaste sthn kat�stash i. Tìte jètontac upì ìrouc kai thn epìmenh
kat�stash kai qrhsimopoi¸ntac to Olikì Je¸rhma Pijanìthtac èqoume:
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EpilÔontac to parap�nw sÔsthma exis¸sewn paÐrnoume:

µ6−1 =
162
46

=
81
23
≈ 3.522

'Askhsh 2. EpilÔoume to prìblhma qrhsimopoi¸ntac to montèlo Markobian c alusÐdac pou
apeikonÐzetai sthn eikìna 2. H kat�stash S dhl¸nei epituqÐa, h F dhl¸nei apotuqÐa kai h SS eÐnai
mia aporrofhtik  kat�stash pou dhl¸nei to gegonìc ìti to peÐrama telei¸nei ìtan p�roume dÔo
epituqÐec sth seir�. OrÐzoume thn T ′ wc to qrìno apì thn pr¸th prosp�jeia mèqri pou h akoloujÐa
SS sumbaÐnei gia pr¸th for�. Tìte T = T ′ + 1 kai E[T ] = E[T ′] + 1. 'Epeita, upologÐzoume touc
tS = E[T ′ | X0 = S], tF = E[T ′ | X0 = F ] dhlad  touc anamenìmenouc qrìnouc mèqri thn
aporrìfhsh arqÐzontac apì tic katast�seic S kai F antÐstoiqa. EpilÔontac to parak�tw sÔsthma
exis¸sewn:
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paÐrnoume ìti: tS = 16, tF = 20. Epomènwc, ja èqoume ìti:

E[T ] = E[T ′] + 1
= E[T ′ | X0 = F ]P (X0 = F ) + E[T ′ | X0 = S]P (X0 = S) + 1
= 20
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Sq ma 2: To di�gramma katast�sewn gia thn �skhsh 2

'Askhsh 3.

(a) Oi katast�seic 4 kai 5 eÐnai metabatikèc en¸ ìlec oi �llec eÐnai periodikèc. Up�rqoun dÔo
kl�seic epikoinwnÐac. H kl�sh {1, 2, 3} eÐnai mh periodik  kai h kl�sh {6, 7} eÐnai periodik .

(b) An h diadikasÐa arqÐsei apì thn kat�stash 1, ja meÐnei sthn mh periodik  kl�sh epikoinwnÐac
{1, 2, 3} kai oi pijanìthtec met�bashc n− bhm�twn ja sugklÐnoun stic st�simec pijanìthtec
πi. Oi topikèc exis¸seic isorropÐac paÐrnoun thn ex c morf :

π1 = π2 π2 = 6π3

Qrhsimopoi¸ntac thn exÐswsh kanonikopoÐhshc paÐrnoume telik� ìti:

π1 = π2 =
6
13

π3 =
1
13

(g) Epeid  h kl�sh {6, 7} eÐnai periodik , den up�rqoun oriakèc pijanìthtec. Eidik�, h akoloujÐa
r66 (n) enall�ssetai metaxÔ 0 kai 1 kai den sugklÐnei.

(d) (i) H pijanìthta ìti h kat�stash aux�nei kat� èna kat� th di�rkeia thc pr¸thc met�bashc
isoÔtai me:

0.5π1 + 0.1π2 =
18
65

(d) (ii) H pijanìthta ìti h diadikasÐa brÐsketai sthn kat�stash 2 kai ìti h kat�stash aux�nei
eÐnai:

0.1π2 =
0.6
13

(d) (iii) An h kat�stash eÐnai h 1 (pijanìthta 6/13), eÐnai bèbaio ìti ja auxhjeÐ kat� thn pr¸th
allag  kat�stashc pou ja parathr soume. An h kat�stash eÐnai h 2 (pijanìthta 6/13), tìte
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èqei pijanìthta 1/6 na auxhjeÐ kat� thn pr¸th allag  kat�stashc pou ja parathr soume.
Epiplèon, an h kat�stash eÐnai h 3, aut  den mporeÐ na auxhjeÐ kat� thn pr¸th allag 
kat�stashc pou ja parathrhjeÐ. Epomènwc, h pijanìthta ìti h kat�stash aux�nei kat� thn
pr¸th parathroÔmenh allag  kat�stashc eÐnai Ðsh me:

6
13

+
1
6
· 6
13

=
7
13

(e) (i) 'Estw a4 kai a5 oi pijanìthtec ìti h kl�sh {1, 2, 3} epitèlouc ft�netai arqÐzontac apì tic
katast�seic 4 kai 5 antÐstoiqa. 'Eqoume ìti:

a4 = 0.2 + 0.4a4 + 0.2a5,

a5 = 0.7a4,

to opoÐo mac dÐnei:

a4 = 0.2 + 0.4a4 + 0.14a4

=
10
23

EpÐshc, arqÐzontac apì thn kat�stash 4 h pijanìthta na fj�soume sth kl�sh {6, 7} eÐnai:
1− (10/23) = 13/23.

(e) (ii) ArqÐzontac apì tic katast�seic 4 kai 5, èstw ìti oi anamenìmenoi qrìnoi gia na fj�soume
se mia periodik  kat�stash eÐnai µ4 kai µ5 antÐstoiqa. Tìte ja èqoume:

µ4 = 1 + 0.4µ4 + 0.2µ5

µ5 = 1 + 0.7µ4

Antikajist¸ntac thn deÔterh exÐswsh sthn pr¸th kai lÔnontac wc proc ton µ4 ja p�roume
telik� ìti:

µ4 =
60
23

'Askhsh 4. Oi mèsec timèc prokÔptoun wc ex c:

E[Y1] = E[2X1 + X2] = E[2X1] + E[X2] = 0,

E[Y2] = E[X1 −X2] = E[X1]− E[X2] = 0

Gia na upologÐsoume thn covariance ergazìmaste wc ex c:

cov (Y1, Y2) = E[Y1Y2]− E[Y1]E[Y2]
= E[(2X1 + X2) · (X1 −X2)]
= E[2X2

1 −X1X2 −X2
2 ]

= 1

H dimet�blhth kanonik  katanom  prosdiorÐzetai apì tic mèsec timèc, tic diasporèc kai apì ton
suntelest  susqètishc. Oi diasporèc upologÐzontai wc ex c:

σ2
Y1

= var (2X1) + var (X2) = 5

kai
σ2

Y2
= var (X1) + var (X2) = 2

O suntelest c susqètishc eÐnai Ðsoc me:

ρ (Y1, Y2) =
cov (Y1, Y2)

σY1σY2

=
1√
10

Gia na broÔme thn sun�rthsh puknìthtac pijanìthtac twn Y1 kai Y2 apl¸c antikajistoÔme tic para-
p�nw timèc ston tÔpo pou dÐnei thn puknìthta pijanìthtac thc dimet�blhthc kanonik c katanom c.
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'Askhsh 5. EÐnai profanèc ìti èqoume na k�noume me mia sun�rthsh puknìthtac pijanìthtac me
mhdenikèc mèsec timèc. SugkrÐnontac th didìmenh sun�rthsh puknìthtac pijanìthtac 8x2 + 6xy +
18y2 me ton antiproswpeutikì tÔpo

q(x, y) =
x2

σ2
X
− 2ρ xy

σXσY
+ y2

σ2
Y

2 (1− ρ2)

thc dimet�blhthc kanonik c katanom c paÐrnoume tic parak�tw treic exis¸seic:

σ2
X

(
1− ρ2

)
=

1
16

, σ2
Y

(
1− ρ2

)
=

1
36

,
(
1− ρ2

)
σXσY = −ρ

6

Pollaplasi�zontac tic dÔo pr¸tec exis¸seic èqoume:

(
1− ρ2

)
σXσY =

1
24

, to opoÐo sunduazìmeno me thn teleutaÐa exÐswsh mac dÐnei ìti: ρ = −1/4. Apì to teleutaÐo
prokÔptei ìti: σ2

X = 1/15 kai σ2
Y = 4/135. Epomènwc, telik� ja èqoume ìti:

c =
1

2π
√

1− ρ2σXσY

=
√

135
π


