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'Askhsh 1.

H X eÐnai sunduasmìc dÔo ekjetik¸n tuqaÐwn metablht¸n me paramètrouc 1 kai 3, oi opoÐec eÐnai
epilegmènec me pijanìthta 1/3 kai 2/3 antÐstoiqa. 'Etsi, h sun�rthsh puknìthtac pijanìthtac
thc tuqaÐac metablht c X eÐnai:

fX(x) =
{

1
3e−x + 2

3 · 3e−3x gia x ≥ 0
0 allÐwc

'Askhsh 2.

H tuqaÐa metabl th X eÐnai ènac sunduasmìc apì dÔo ekjetikèc tuqaÐec metablhtèc, ìpou h mÐa
èqei wc par�metro λ en¸ h �llh par�metro µ. Epilègontac thn ekjetik  metabl th me par�metro
λ me pijanìthta p, tìte h ropogenn tria thc tuqaÐac metablht c X eÐnai:

MX(s) = p
λ

λ− s
+ (1− p)

µ

µ− s

Na shmeiwjeÐ ìti o metasqhmatismìc isqÔei mìno gia s < min{λ, µ}

'Askhsh 3.

(a) O orismìc tou metasqhmatismoÔ eÐnai

MZ(s) = E[esZ ]

Epiplèon isqÔei ìti
MZ(0) = E[e0Z ] = E[1] = 1

Sthn sugkekrimènh perÐptwsh isqÔei ìti

MZ(0) =
a

8
= 1

'Ara a = 8.

(b) Gia na upologÐsoume to zhtoÔmeno, prèpei pr¸ta na upologÐsoume thn sun�rthsh
puknìthtac pijanìthtac thc Z qrhsimopoi¸ntac an�ptugma se apl� kl�smata:

MZ(s) =
8− 3s

s2 − 6s + 8
=

A

s− 4
+

B

s− 2

A = (s− 4)MZ(s)|s=4 =
8− 3s

s− 2

∣∣∣∣
s=4

= −2

B = (s− 2)MZ(s)|s=2 =
8− 3s

s− 4

∣∣∣∣
s=2

= −1

'Etsi
MZ(s) =

−2
s− 4

+
−1

s− 2
=

1
2

(
4

4− s
+

2
2− s

)
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kai
fZ(z) =

{
1
2

(
4e−4z + 2e−2z

)
gia z ≥ 0

0 alli¸c

Apì autì paÐrnoume ìti:

P(Z ≥ 0.5) =
∫ ∞

0.5

1
2
(4e−4z + 2e−2z)dz =

e−2

2
+

e−1

2

(g)

E[Z] =
∫ ∞

0

z

2
(4e−4z + 2e−2z)dz

=
1
2
(
∫ ∞

0
4ze−4zdz +

∫ ∞

0
2ze−2zdz)

=
1
2

(
1
4

+
1
2

)

=
3
8

(d)

E[Z] =
d

ds
MZ(s)

∣∣∣∣
s=0

=
d

ds

(
2

4− s
+

1
2− s

)∣∣∣∣
s=0

=
2

(4− s)2
+

1
(2− s)2

∣∣∣∣
s=0

=
3
8

(e) GnwrÐzoume ìti var(Z) = E[Z2]−E[Z]2

E[Z2] =
∫ ∞

0

z2

2
(4e−4z+2e−2z)dz =

1
2

(∫ ∞

0
4z2e−4zdz +

∫ ∞

0
2z2e−2zdz

)
=

1
2

(
2
42

+
2
22

)
=

5
16

'Ara :

var(Z) =
5
16

+
(

3
8

)2

=
11
64

(st)

E[Z2] =
d2

ds2
MZ(s)

∣∣∣∣
s=0

=
d2

ds2

(
2

4− s
+

1
2− s

)∣∣∣∣
s=0

=
2

(4− s)3
+

1
(2− s)3

∣∣∣∣
s=0

=
5
16

'Ara :

var(Z) =
5
16

+
(

3
8

)2

=
11
64
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'Askhsh 4.
Oi stajerèc a, b kai c mporoÔn na upologistoÔn mèsw twn parak�tw tri¸n sqèsewn:

• M(0) = 1

• d
dsM(s)

∣∣
s=0

= E[X] = 3

• d2

ds2 M(s)
∣∣∣
s=0

= var(X) + (E[X])2 = 11

Oi sqèseic autèc mporoÔn na graftoÔn kai wc

• a + b + c = 1

• 2b + 4c = 3

• 4b + 16c = 11

LÔnontac to parap�nw susthma brÐskoume ìti a = 1/8, b = 2/8 kai c = 5/8. H sun�rthsh
puknìthtac pijanìthtac thc t.m. X mporeÐ na upologisteÐ apì tic dun�meic twn es kai twn
stajer¸n metablht¸n apì to M(s). 'Etsi èqoume:

P (X = 0) = a = 1/8, P (X = 2) = b = 2/8, P (X = 4) = c = 5/8

'Askhsh 5.
(a) H tuqaÐa metablht  X eÐnai diwnumik  me (n, p) = (25600, 1/2).

(b) H mèsh tim  thc t.m X eÐnai:

E[X] = np = 25600
1
2

= 12800

kai h diaspor� thc:
var(X) = np2 = 6400

(g) AfoÔ X + Y = 25600, oi X, Y den mporeÐ na eÐnai anex�rthtec.

(d) Oi X kai Y eÐnai aparaÐthta kai oi dÔo �rtioi   kai oi dÔo perittoÐ. Wc ek toÔton, h diafor�
touc , X − Y , den mporeÐ na isoÔtai me 537, thn uperoq  tou B apì ton A. Epomènwc,
k�poioc apì touc A, B ja nik sei.

(e) H tuqaÐa metablht  Z = X − Y èqei mèsh tim :

E[Z] = E[X − Y ] = E[2X − 25600] = 2E[X]− 25600 = 0

kai diaspor�:
var(Z) = var(2X − 25600) = 4 · var(X2) = 25600

(st) SÔmfwna me to Je¸rhma KentrikoÔ OrÐou h tuqaÐa metablht  Z mporeÐ na proseggisteÐ
apì mia kanonik  tuqaÐa metablht  me Z ∼ N(0, 25600). T¸ra:

P (o B kerdÐzei) = P (Z ≤ 536) ' Φ
(

536− 0√
25600

)
= Φ(3.35) ' 0.9996

(z) Se aut  thn perÐptwsh, h t.m. X eÐnai diwnumik  me paramètrouc (25600, p). Epomènwc h
diafor� Z = X − Y = 2X − 25600 èqei

E[Z] = 2E[X]− 25600 = 2 · 25600p− 25600 = (2p− 1)25600

kai diaspor�
var(Z) = 4 · var(X) = 4 · 25600p2

SÔmfwna me to Je¸rhma KentrikoÔ OrÐou èqoume ìti

P (o A kerdÐzei) = P (Z ≥ 538) ' 1− P (Z ≤ 538) = 1− Φ

(
538− 25600(2p− 1)√

var(Z)

)
≥ 0.5

Gia na isqÔei autì to ìrisma thc Φ() prèpei na eÐnai to polÔ mhdèn, �ra

538 ≤ 25600(2p− 1) ⇒ p > 0.5105


