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'Askhsh 1.

Efìson h pijanìthta epituqÐac exart�tai apì ta apotelèsmata twn tri¸n prohgoÔmenwn dokim¸n,
qreiazìmaste mia xeqwrist  kat�stash gia k�je dunatì apotèlesma stic prohgoÔmenec treic
dokimèc. 'Etsi loipìn qreiazìmaste 23 = 8 katast�seic. K�je kat�stash thn prosdiorÐzoume wc
Sijl, ìpou h triplètta (i, j, l) anaparist� to apotèlesma twn tri¸n teleutaÐwn dokim¸n, me l na
eÐnai h pio prìsfath dokim . K�je tm ma thc triplèttac èqei tim  1, an h dokim   tan epituq c,
kai tim  0, an  tan anepituq c.
T¸ra mporoÔme polÔ eÔkola na sqedi�soume to di�gramma met�bashc katast�sewn, ìpwc
faÐnetai kai sto sq ma 1. ParathreÐste ìti h pijanìthta met�bashc metaxÔ dÔo katast�sewn
eÐnai k+1

k+3 , ìpou k eÐnai to pl joc twn epituqi¸n stic prohgoÔmenec treÐc dokimèc, an h met�bash
odhgeÐ se epituqÐa, kai 2

k+3 , an h met�bash odhgeÐ se apotuqÐa.

Sq ma 1: To gr�fhma thc markobian c alusÐdac gia thn �skhsh 1.

'Askhsh 2.

(a) i. Efìson h kat�stash Xk eÐnai o megalÔteroc arijmìc pou èrqetai stic pr¸tec k rÐyeic, to
sÔnolo twn katast�sewn eÐnai S = {1, 2, 3, 4, 5, 6}. H pijanìthta tou megalÔterou
arijmoÔ pou èrqetai stic pr¸tec (k + 1) dokimèc exart�tai mon�qa apì to poÐoc  tan o
megalÔteroc arijmìc pou  rje stic pr¸tec k dokimèc. Autì ikanopoieÐ thn Markobian 
upìjesh. Oi pijanìthtec met�bashc dÐnontai apì:

pij =





0 , j < i
i
6 , j = i
1
6 , j > i

ii. Efìson h kat�stash Xk eÐnai to pl joc twn 6 pou èrqontai stic pr¸tec k rÐyeic, to
sÔnolo twn katast�sewn eÐnai S = {0, 1, 2, . . .}. H pijanìthta na èrjei 6 se k�je rÐyh
eÐnai 1

6 . To pl joc twn 6 pou èrqontai stic pr¸tec (k + 1) dokimèc exart�tai mon�qa
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apì to pl joc twn 6 pou èqoun èrjei stic pr¸tec k dokimèc. Autì ikanopoieÐ thn
Markobian  upìjesh. Oi pijanìthtec met�bashc dÐnontai apì:

pij =





1
6 , j = i + 1
5
6 , j = i
0 , allÐwc

iii. Efìson h kat�stash Xk eÐnai to pl joc twn rÐyewn apì thn pio prìsfath rÐyh pou
èfere 6, to sÔnolo twn katast�sewn eÐnai S = {0, 1, 2, . . .}. An h rÐyh tou zarioÔ
fèrei 6 sthn epìmenh dokim  h alusÐda metabaÐnei sthn kat�stash 0. An ìqi, h
kat�stash metabaÐnei se mia uyhlìterh kat�stash. 'Etsi loipìn, h pijanìthta h
epìmenh kat�stash exart�tai me to pareljìn mìno mèso thn twrin c kat�stashc.
Autì ikanopoieÐ thn Markobian  upìjesh. Oi pijanìthtec met�bashc dÐnontai apì:

pij =





1
6 , j = 0
5
6 , j = i + 1
0 , allÐwc

(b) i. Gia Xk = Yr+k kai apì thn Markobian  upìjesh tou Y èqoume:

P (Xk+1 = j|Xk = i, . . . , X0 = i0) = P (Yr+k+1 = j|Yr+k = i, . . . , Yr = ir)
= P (Yr+k+1 = j|Yr+k = i)

P (Xk+1 = j|Xk = i, . . . , X0 = i0) = P (Xk+1 = j|Xk = i)

Autì ikanopoieÐ thn Markobian  upìjesh gia to X. MporoÔme akìma na doÔme ìti h
s.d. Xk eÐnai h s.d. Yk kajusterhmènh kat� r. Sunep¸c prèpei na èqoun tic Ðdiec
pijanìthtec met�bashc pij , ìpìte èqoume:

pij = qij

ii. Gia Xk = Y2k kai apì thn Markobian  upìjesh tou Y èqoume:

P (Xk+1 = j|Xk = i,Xk−1 = ik−1, . . . , X0 − i0)
= P (Y2k+2 = j|Y2k = i, Y2k−2 = i2k−2, . . . , Y0 = i0)

= P (Y2k+2 = j|Y2k = i)
= P (Xk+1 = j|Xk = i)

Autì ikanopoieÐ thn Markobian  upìjesh gia to X. Oi pijanìthtec met�bashc
dÐnontai apì:

pij = P (Xk+1 = j|Xk = i)
= P (Y2k+2 = j|Y2k = i)
= rk

i,j(2)

ìpou rk
i,j(2) eÐnai h pijanìthta met�bashc k−ost c t�xhc gia thn s.d. Yk.

'Askhsh 3.

Ja montelopoi soume thn rÐyh twn kerm�twn me mia Markobian  alusÐda me dÔo katast�seic
{H, T}. GnwrÐzoume ìti pHH = α, pHT = 1− α, pTH = b, pTT = 1− b. To gr�fhma thc
markobian c alusÐdac gia autì to peÐrama faÐnetai sto sq ma 2. ZhteÐtai na upologisteÐ h
pijanìthta ìti h k-ost  rÐyh ja fèrei kefal ,gia k arket� meg�lo. Oi topikèc exis¸seic
isorropÐac mac dÐnoun ìti:

pHT πH = pTHπT

ìpou πH eÐnai h pijanìthta thc mìnimhc kat�stashc (steady state), ìpou h Markobian  alusÐda
ja brÐsketai sthn kat�stash H, kai omoÐwc gia thn πT , opìte èqoume:

πH = απH + bπT (1)
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Sq ma 2: To gr�fhma thc markobian c alusÐdac gia thn �skhsh 3.

kai

πT = (1− α)πH + (1− b)πT (2)

GnwrÐzoume akìma ìti

πH + πT = 1 (3)

Sundi�zontac tic exis¸seic 1, 2 kai 3 èqoume:

πH =
b

1− α + b


