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Sq ma 1: To Markobianì montèlou thc �skhshc 1.

(a) Ta apotelèsmata twn diadoqik¸n rÐyewn enìc nomÐsmatoc mporoÔn na perigrafoÔn wc mia
Markobian  alusÐda me duo katast�seic T kai H, ìpwc aut  pou faÐnetai sto sq ma 1. Oi
pijanìthtec met�bashc thc alusÐdac eÐnai:

P (T → H) =
1
3

P (T → T ) =
2
3

P (H → H) =
3
4

P (H → T ) =
1
4

kai h oriak  katanom  thc eÐnai πH = 4/7 kai πT = 3/7, tic opoÐec upologÐsame lÔnontac to
parak�tw sÔsthma:

πT P (T → H) + πHP (H → H) = πH

πT + πH = 1

(b) Jewr soume ìti Xk, k = 1, · · · eÐnai ta apotelèsmata twn rÐyewn. Gia k ≥ 2:

P (1h for� pou èrqontai gr�mmata sthn k−ost  rÐyh|X1 = H)
= P (oi pr¸tec k − 2 metab�seic eÐnai H → H kai h teleutaÐa eÐnai H → T )

=
(

3
4

)k−2 1
4
.

(g) Anex�rthta apì thn arqik  kat�stash h P (X500 = H) ≈ πH = 4/7, ìpwc deÐxame sto
er¸thma (a).

(d)

P (X5000 = H, X5002 = H) = P (X5000 = H)P (X5002 = H|X5000 = H)
≈ πHP (X5002 = H|X5000 = H)
= π(P (H → T )P (T → H) + P (H → H)P (H → H))

=
4
7

(
1
4
· 1
3

+
3
4
· 3
4

)

=
124
336
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Sq ma 2: To Markobianì montèlou thc �skhshc 2.

(e)

P (X5001 = · · · = X5000+m = H|X5001 = · · · = X5000+m)

=
P (X5001 = · · · = X5000+m = H)

P (X5001 = · · · = X5000+m = H) + P (X5001 = · · · = X5000+m = T )

=
P (X5001 = H)P (H → H)m−1

P (X5001 = H)P (H → H)m−1 + P (X5001 = T )P (T → T )m−1

→ 1 kaj¸c m →∞

'Askhsh 2.

To gr�fhma thc alusÐdac faÐnetai sto sq ma 2

(a) H diadikasÐa brÐsketai sthn kat�stash 3 amèswc prin apì thn pr¸th met�bash. AfoÔ fÔgei
apì thn kat�stash 3 gia pr¸th for�, h diadikasÐa den mporeÐ na epistrèyei xan� sthn
kat�stash 3. 'Etsi h J , h opoÐa anaparast� to pl joc twn metab�sewn mèqri kai thn
met�bash kat� thn opoÐa h diadikasÐa feÔgei apì thn kat�stash 3 gia teletaÐa for� eÐnai
mia gewmetrik  tuqaÐa metablht  me pijanìthta epituqÐac Ðsh me 0.6. H diaspor� thc J
dÐnetai apì thn sqèsh:

σ2
J =

1− p

p2
=

10
9

(b) Up�rqei jetik  pijanìthta me mhn episkeftoÔme potè thn kat�stash 4, P (K < ∞) < 1.
'Etsi h anamenìmenh tim  tou K eÐnai ∞.

(g) H Markobian  alusÐda èqei treic periodikèc kl�shc. H pr¸th periodik  kl�sh apoteleÐtai
apì katast�seic {1, 2}, h deÔterh periodik  kl�sh apì thn kat�stash {7} kai h trÐth
periodik  kl�sh apoteleÐtai apo tic katast�seic {4, 5, 6}. H pijanìthta na aporrofhjeÐc
apì thn pr¸th periodik  kl�sh xekin¸ntac apì thn metabatik  kat�stash 3 eÐnai:

1/10
1/10 + 2/10 + 3/10

=
1
6

ìpou h pijanìthta met�bashc sthn pr¸th periodik  kl�sh eÐnai h tuqaiìthta thc
kat�stashc. OmoÐwc, h pijanìthta na aporrofhjeÐc sthn deÔterh kai trÐth periodik  kl�sh
eÐnai 3

6 kai 2
6 antÐstoiqa.

T¸ra, ja epilÔsoume tic exis¸seic isorropÐac mèsa se k�je periodik  kl�sh, oi opoÐec ja
mac d¸soun thn desmeumènh pijanìthta na aporrofhjoÔme apì thn kat�stash 3 sthn
periodik  kl�sh. Oi adèsmeutec pijanìthtec  remhc kat�stashc (steady–state) brÐskontai
me thn topojet¸ntac wc b�roc stic desmeumènec pijanìthtec  remhc kat�stashc thn
pijanìthta aporrìfhshc sthn periodik  kl�sh.
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H pr¸th periodik  kl�sh eÐnai mia diadikasÐa birth-death. Gr�fwntac tic akìloujec
exis¸seic kai lÔnontac wc proc tic desmeumènec pijanìthtec , p1 kai p2

p1 =
p2

2
p1 + p2 = 1

LÔnontac tic parap�nw exis¸seic, paÐrnoume p1 = 1
3 kai p2 = 2

3 . Gia thn deÔterh anadromik 
kl�sh, p7 = 1, en¸ gia thn trÐth anadromik  kl�sh eÐnai epÐshc mia diadikasÐa birth-death,
opìte brÐskoume tic desmeumènec pijanìthtec  remhc kat�stashc wc ex c:

p4 = 2p5

p5 = 2p6

p4 + p5 + p6 = 1

opìte èqoume p4 = 4
7 , p5 = 2

7 , p6 = 1
7 .

Qrhsimopoi¸ntac aut� ta dedomèna, oi adèsmeutec pijanìthtec thc kat�stashc hremÐac gia
ìlec tic katast�seic brÐskontai wc ex c:

π1 =
1
3
· 1
6

=
1
18

π2 =
2
3
· 1
6

=
1
9

π3 = 0(kat�stash met�bashc)

π7 = 1 · 3
6

=
3
6

π4 =
4
7
· 2
6

=
4
21

π5 =
2
7
· 2
6

=
2
21

π6 =
1
7
· 2
6

=
1
21

(d) Me dedomèno to gegonìc ìti h diadikasÐa den epistrèfei potè sthn kat�stash 4, all�zei oi
pijanìthtec aporrìfhshc gia tic periodikèc kl�seic. H pijanìthta na aporrofhjeÐc apì thn
pr¸th periodik  kl�sh eÐnai 1

4 , apì thn deÔterh periodik  kl�sh eÐnai 3
4 , kai apì thn trÐth

periodik  kl�sh eÐnai 0. 'Etsi oi pijanìthtec thc kat�stashc hremÐac dÐnontai:

π1 =
1
3
· 1
4

=
1
12

π2 =
2
3
· 1
4

=
1
6

π3 = π4 = π5 = π6 = 0

π7 = 1 · 3
4

=
3
4

'Askhsh 3.

(a) H apìdosh thc om�dac mporeÐ na perigrafeÐ apì mia Markobian  alusÐda, ìpou h kat�stash
orÐzetai wc:

(apotèlesma tou proteleutaÐou paiqnidioÔ, apotèlesma tou teleutaÐou paiqnidioÔ).

Sunep¸c up�rqoun 4 dunatèc katast�seic:

{1(WW ), 2(WL), 3(LW ), 4(LL)}
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Sq ma 3: To Markobianì montèlou thc �skhshc 3, er¸thma (a).

ìpou W : nÐkh kai L : tta. To gr�fhma eÐnai autì pou faÐnetai sto sq ma 3. O pÐnakac
pijanìthtac met�bashc eÐnai:

P =




0.7 0.3 0 0
0 0 0.4 0.6

0.6 0.4 0 0
0 0 0.3 0.7


 = [pij ]4x4

(b) Profan¸c, ìtan h akoloujÐa diadoqik¸n nik¸n thc om�dac diakìptetai, to sÔsthma eÐnai
sthn kat�stash 2 (WL). Sunep¸c, h pijanìthta na q�sei kai to epìmeno paiqnÐdi eÐnai 0.6,
dhlad  h pijanìthta met�bashc apì thn kat�stash 1 (WL) sthn 4(LL).

(g) Profan¸c h t.m. Y paÐrnei tic timèc 0, 1, 2, ·. H sun�rthsh pijanìthtac thc Y eÐnai:

pY (k) = P (Y = k)
= P (Xk+1 = L,Xk = · · · = X1 = W |X0 = X−1 = W )
= pk

11 · p12

=
{

0.7k · 0.3 k = 0, 1, 2 · · ·
0 alloÔ

(d) H alusÐda apoteleÐtai apì mia aperiodik  kl�sh epikoinwnÐac, epomènwc up�rqei h stasim 
katanom  thc π = [π1, π2, π3, π4] pou dÐnetai apì thn lÔsh twn exis¸sewn isorropÐac
πP = π mazÐ me thn exÐswsh

∑4
i=1 πi = 1. Sunep¸c:

[π1, π2, π3, π4] =
[
1
3
,
1
6
,
1
6
,
1
3

]

(e) H epijumit  pijanìthta eÐnai:

P [X1000 = W |X1000 = X1001] =
P [X1000 = X1001 = W ]

P [X1000 = X1001]

=
P [X1000 = X1001 = W ]

P [X1000 = X1001 + W ] + P [X1000 = X1001 = L]

∼= π1

π1 + π4
=

1
2

(st) E[T ] eÐnai o mèsoc qrìnoc èwc thn pr¸th epÐskeyh thc kat�stashc 4 xekin¸ntac apì thn
1. OrÐzoume wc µ1, µ2, µ3, µ4 touc mèsouc qrìnouc èwc thn pr¸th epÐskeyh thc 4 xekin¸ntac
apì thn kat�stash 1, 2, 3, 4 antÐstoiqa. Epomènwc E[T ] = µ1 kai epikentron¸maste se mia
parapl sia markobian  alusÐda ìpou h kat�stash 4 eÐnai mia kat�stash aporrof sewc
(blèpe sq ma 4). To set twn grammik¸n exis¸sewn eÐnai (sel 82 twn shmei¸sewn):

µ1 = 1 + 0.7µ1 + 0.3µ2

µ2 = 1 + 0.4µ3

µ3 = 1 + 0.6µ1 + 0.4µ2

µ4 = 0
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Sq ma 4: To Markobianì montèlou thc �skhshc 3, er¸thma (st).
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Sq ma 5: To Markobianì montèlou thc �skhshc 3, er¸thma (z).

me

µ1 = 7

µ2 =
11
3

µ3 =
20
3

µ4 = 0

(z) Treic suneqìmenec  ttec dÔnantai na prokÔyoun mìno ìtan to sÔsthma eÐnai sthn
kat�stash 4(LL). DhmiourgoÔme mia pèmpth kat�stash 5(LLL), opìte prokÔptei h
markobian  alusÐda tou sq matoc 5 kai o pÐnakac pijanìthtac met�bashc:

P = [pij ]5x5 =




0.7 0.3 0 0 0
0 0 0.4 0.6 0

0.6 0.4 0 0 0
0 0 0.3 0 0.7
0 0 0.3 0 1




E[N ] eÐnai o mèsoc qrìnoc aporrof sewc tou sust matoc apì thn kat�stash 5 xekin¸ntac
apo thn 1. An�loga:

µ1 = 1 + 0.7µ1 + 0.3µ2

µ2 = 1 + 0.4µ3 + 0.6µ4

µ3 = 1 + 0.6µ1 + 0.4µ2

µ4 = 1 + 0.3µ3

µ5 = 0


