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'Askhsh 1.

(a) H ropogennhtrÐa thc t.m. X ∼ N(0, σ2) eÐnai MX(s) = es2σ2/2. 'Ara, gia thn t.m. Y ja
isqÔei:

MY (s) = E(esY ) = E
(
es

∑∞
k=0 Xkrk

)
= E

( ∞∏

k=0

esXkrk

)
anex�rthtec t.m.

=
∞∏

k=0

E
(
esXkrk

)

E(esαX)=MX(sα)
=

∞∏

k=0

MX(srk) =
∞∏

k=0

e(srk)2σ2/2 = e(s2σ2/2)
∑∞

k=0(r
2)k r2<1= es2σ2/2(1−r2)

(b) ParathroÔme ìti h MY (s) eÐnai h ropogennhtrÐa Gkaousian c t.m. me mèsh tim  0 kai
diaspor� σ2/(1− r2). H PDF ja mporoÔse epÐshc na ektimhjeÐ apì to gegonìc ìti h t.m. Y
eÐnai ènac grammikìc sunduasmìc apì anex�rthtec kai ìmoia katanemhmènec Gkaousianèc
t.m., kai epomènwc h Y eÐnai kai aut  Gkaousian  t.m. (me mèsh tim  kai diaspor� pou èqoun
 dh upologisteÐ).

'Askhsh 2.

(a) IsqÔei ìti:

MV (s) = E(esV ) = E(esXU ) = EU (EX(esXU |U))
U t.m. Bernoulli

=

= (1− ε)E[esXU |U = 0] + εE[esXU |U = 1] = (1− ε)E[esX0] + εE[esX1]

= (1− ε) + εE[esX ]
Q Gkaousian  t.m.

= (1− ε) + ε es2σ2/2

(b) Qrhsimopoi¸ntac touc orismoÔc thc mèshc tim c, èqoume ìti: (xèroume ìti gia thn t.m. U
pou akoloujeÐ Bernoulli katanom  isqÔei ìti
E(U2) =

∑
u u2pU (u) = 02pU (u = 0) + 12pU (u = 1) = 0(1− ε) + 1ε = ε)

E(V ) = E(XU)
X, U anex�rthtec t.m.

= E(X)E(U) = 0E(U) = 0

E(V 2) = E((XU)2) = E(X2U2) = E(X2)E(U2) = σ2ε

V ar(V ) = E(V 2)−E(V )2 = σ2ε

'Askhsh 3.

Gia na apant soume ta erwt mata (a), (b) kai (g), pr¸ta upologÐzoume thn mèsh tim  kai th
diaspor� twn Yn, Tn, kai An. 'Ara, isqÔei ìti:

E[Yn] = E[(1/2)nXn] = (1/2)nE[X] = (1/2)n2.

V ar(Yn) = V ar((1/2)nXn)
Y =αX+b: V ar(Y )=α2V ar(X)

= V ar(X)(1/2)2n = 9(1/4)2n.

E[Tn] = E[Y1 + ...+Yn]
�jroisma anex�rthtwn t.m.

= E[Y1]+ ...+E[Yn] = E[(1/2)X1]+ ...+E[(1/2)nXn]
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= (1/2)E[X1] + ... + (1/2)nE[Xn] = (1/2)E[X] + ... + (1/2)nE[X] = (1/2)2 + ... + (1/2)n2

= 2
n∑

i=1

(1/2)i = 2(1/2)
1− (1/2)n

1− (1/2)
= 2(1− (1/2)n).

V ar(Tn) = V ar(Y1 + ... + Yn) = V ar((1/2)X1 + ... + (1/2)nXn)

= (1/2)2V ar(X1) + ... + (1/2)2nV ar(Xn) =
n∑

i=1

(1/4)iV ar(Xi) =
n∑

i=1

(1/4)i9

= 9
n∑

i=1

(1/4)i = 9(1/4)
1− (1/4)n

1− (1/4)
= 3(1− (1/4)n).

E[An] = E[(1/n)Tn] = (1/n)E[Tn] = (2/n)(1− (1/2)n).

V ar[An] = V ar[(1/n)Tn] = (1/n)2V ar(Tn) = (3/n2)(1− (1/4)n).

(a) NAI. H Yn sugklÐnei sto 0 wc proc thn pijanìthta. Sugkekrimèna, ìso to n gÐnetai polÔ
meg�lo, h mèsh tim  thc Yn proseggÐzei thn tim  0 kai h diaspor� thc Yn proseggÐzei epÐshc
to 0. 'Ara, apì thn anisìthta tou Chebyshev, h Yn sugklÐnei sto 0 wc proc thn pijanìthta.

(b) OQI. 'Estw ìti h Tn sugklÐnei wc proc thn pijanìthta se mÐa tim  α. EpÐshc, isqÔei ìti:

Tn = Y1+(Y2+...+Yn) = Y1+((1/2)2X2+...+(1/2)nXn) = Y1+(1/2)((1/2)X2+...+(1/2)n−1Xn).

ParathroÔme ìti to (1/2)X2 + ... + (1/2)n−1Xn sugklÐnei sto Ðdio ìrio me thn Tn kaj¸c
n →∞. E�n h Tn sugklÐnei sto α tìte h Y1 ja prèpei na sugklÐnei sto α/2. All� autì
eÐnai l�joc, opìte èrqetai se antÐjesh me thn arqik  mac upìjesh.

(g) NAI. H An sugklÐnei sto 0 wc proc thn pijanìthta. 'Oso to n megal¸nei, h mèsh tim  thc
An proseggÐzei to 0 kai h diaspor� thc An epÐshc proseggÐzei to 0. Opìte, apì thn
anisìthta tou Chebyshev h An sugklÐnei sto 0 wc proc thn pijanìthta. (Autì ja
mporoÔsame na to apodeÐxoume qrhsimopoi¸ntac ton Asjen  Nìmo twn Meg�lwn Arijm¸n
WLLN parathr¸ntac ìti oi t.m. An eÐnai i.i.d. me peperasmènh mèsh tim  kai diaspor�).

'Askhsh 4.

(a) IsqÔei ìti: An = X1+...+Xn
n . H anisìthta tou Chebyshev dÐnei to ex c:

P (|An −E[An]| ≥ 0.02) ≤ V ar(An)
0.022

,

ìpou
E[An] =

E[X1 + ... + Xn]
n

= E[X]

kai
V ar(An) = V ar((X1 + ... + Xn)/n) = (1/n2)(V ar(X1) + ... + V ar(Xn))

= nV ar(X)/n2 = V ar(X)/n = 9/n.

Autì mac dÐnei ton Asjen  Nìmo twn Meg�lwn Arijm¸n (WLLN):

P (|An − E[X]| ≥ 0.02) ≤ (9/n)/0.02n = 0.318.

LÔnontac wc prìc n èqoume ìti n = 70754.7 kai afoÔ to n ja prèpei na eÐnai akèraioc
n = 70755.

(b) To Kentrikì Oriakì Je¸rhma (CLT) mac epitrèpei na proseggÐsoume thn t.m.
Sn = X1 + ... + Xn san mÐa t.m. pou akoloujeÐ kanonik  katanom . Mac endiafèrei h
anisìthta

P (|An − E[X]| > 0.02) < 0.318



Efarmosmènec Stoqastikèc DiadikasÐec - 2009/Pr¸th Seir� Ask sewn 3

ìpou h t.m. Yn = (An −E[X]) = (X1+...+Xn
n −E[X]) = (Sn − nE[X])/n akoloujeÐ epÐshc

kanonik  katanom  me E[Yn] = 0 kai V ar(Yn) = V ar(An) = 9/n. Opìte,

P (|Yn| > 0.02) = P ((Yn > 0.02) ∪ (Yn < −0.02)) = P (Yn > 0.02) + P (Yn < −0.02)

= Φ(−0.02
√

(n)/3) + (1− Φ(0.02
√

(n)/3)) = 2− 2(Φ(0.02
√

(n)/3)) ≤ 0.318

= Φ(0.02
√

(n)/3) ≥ 0.8410

Kaj¸c h Φ(1.00) eÐnai h mikrìterh tim  apì ton pÐnaka tim¸n thc tupik c kanonik c CDF
pou eÐnai megalÔterh apì 0.8410 sumperaÐnoume ìti n = 22500.

(g) Opìte, to CLT dÐnei thn prosèggish me thn mikrìterh dunat  tim  tou n.

'Askhsh 5.

H pijanìthta ìti h pt sh ja eÐnai “overbooked” isoÔtai me thn pijanìthta ìti ligìtera apì 20
eisit ria se sÔnolo 320 eisithrÐwn ja akurwjoÔn. 'Estw N o arijmìc twn eisithrÐwn pou
akur¸nontai, o opoÐoc eÐnai diwnumik  katanom  me paramètrouc n = 320 kai p = 0.1, ètsi ¸ste
na isqÔei ìti E[N ]=320 0.1=32 kai σN =

√
(320)(0.1)(0.9) =

√
28.8. Qrhsimopoi¸ntac thn

prosèggish Moivre-Laplace thc diwnumik c, èqoume ìti

P (N < 20) = P (N ≤ 19.5) ≈ Φ(−12.5/
√

28.8) = 1− Φ(2.3292) ≈ 0.0099.

'Askhsh 6.

(a) Sto er¸thma autì qrhsimopoioÔme to Kentrikì Oriakì Je¸rhma (CLT). 'Estw
X1, ..., X400, to m koc tou k�je tm matoc tou swl na, ìti eÐnai i.i.d. t.m. me mèsh tim 
1/λ = 1/2 kai diaspor� 1/λ2 = 1/4. An S400 = X1 + ... + X400 èqoume ìti:

E[S400] = E[X1 + ... + X400] = 400E[X] = 200

V ar(S400) = V ar(X1 + ... + X400) = 400V ar(X) = 100

Opìte, jèloume na broÔme ìrio w tètoio ¸ste P (S400 > w) ≈ 0.841. Apì to CLT isqÔei ìti
h S400 mporeÐ na proseggisteÐ apì mÐa kanonik  t.m. me mèsh tim  200 kai diaspor� 100.

P (S400 > w) = P (
S400 − 200

10
>

w − 200
10

) = Φ((200− w)/10) ≈ 0.8410

AfoÔ Φ(1.00) ≈ 0.841, èqoume ìti (200− w)/10 ≈ 1.00, �ra w ≈ 190.

(b) Jèloume na broÔme n tètoio ¸ste P (Sn > 200) ≈ 0.841, ìpou Sn = X1 + ... + Xn. 'Opwc
sto prohgoÔmeno er¸thma, èqoume ìti E[Sn] = nE[X] = n/2 kai
V ar(Sn) = nV ar(X) = n/4. Upìjètontac ìti to n eÐnai arket� meg�lo ètsi ¸ste na
mporoÔme na efarmìsoume to CLT, mporoÔme na proseggÐsoume xan� thn Sn wc mÐa
kanonik  t.m. Epomènwc èqoume ìti

P (Sn > 200) = P (
Sn − n/2√

n/4
>

200− n/2√
n/4

)

= Φ(
n/2− 200√

n/4
) ≈ 0.8410.

AfoÔ Φ(1.00) ≈ 0.8410, to n ja eÐnai perÐpou 421.
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'Askhsh 7.

AfoÔ oi t.m. Zj kai Θj eÐnai anex�rthtec ja isqÔei ìti:

E(Zj sinΘj) = E(Zj)E(sinΘj) = 0,

V ar(Zj sinΘj) = E((Zj sinΘj)2) = E(Z2
j )E((sin Θj)2)

= (1/2)(µ2 + σ2)

AfoÔ Zj sin Θj 'c eÐnai i.i.d., apì to CLT èqoume ìti, kaj¸c n →∞, ja isqÔei ìti:

1√
n

n∑

j=1

Zj sinΘj√
(µ2 + σ2)/2

∼ N(0, 1)

'Epeita, kaj¸c n →∞, Xn ∼ N(0, (1/2)(µ2 + σ2)).


