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'Askhsh 1.

OrÐzoume thn tuqaÐa metablht  (t.m.) Wm,n wc ton arijmì twn dokim¸n apì thn arq  thc
stoqastik c diadikasÐac (S.D.) Bernoulli mèqri kai (sumperilambanomènhc kai aut c) thn
n-ost c epituqÐac met� thn m-ost  apotuqÐa. H t.m. Wm,n mporeÐ na oristeÐ se sqèsh me
dÔo �llec t.m. wc ex c: Wm,n = Xm + Yn, ìpou:
Xm=o arijmìc twn dokim¸n miac S.D. Bernoulli mèqri kai thn m-ost  apotuqÐa
Yn=o arijmìc twn dokim¸n miac S.D. Bernoulli mèqri kai thn n-ost  epituqÐa
ParathroÔme ìti apì ton orismì thc S.D. Bernoulli, oi t.m. Xm kai Yn eÐnai anex�rthtec
afoÔ orÐzontai p�nw se diaforetikèc dokimèc thc S.D. H sun�rthsh puknìthtac m�zac
(PMF) gia thn t.m. Yn eÐnai Pascal n-ost c t�xhc me par�metro p, �ra me mèsh tim  np−1

kai diaspor� n(1− p)p−2. H PMF gia thn t.m. Xm eÐnai Pascal m-ost c t�xhc me
par�metro q = 1− p. Epomènwc,

E{Wm,n} = E{Xm}+ E{Yn} =
m

1− p
+

n

p
.

EpÐshc, ekmetalleuìmenoi thn anexarthsÐa twn t.m., h diaspor� eÐnai h ex c:

var{Wm,n} = var{Xm}+ var{Yn} =
mp

(1− p)2
+

n(1− p)
p2

.

'Askhsh 2.

ParathroÔme ìti to ìrisma tou oloklhr¸matoc (λ11τ10e−λτ/10!) eÐnai katanom  Erlang
t�xhc 10. Epomènwc, to olokl rwma

∫∞
t λ11τ10e−λτ/10! dτ antistoiqeÐ sthn pijanìthta ìti

o qrìnoc thc 11hc �fixhc eÐnai megalÔteroc apì t. H pijanìthta autoÔ tou gegonìtoc eÐnai
isodÔnamh me thn pijanìthta tou gegonìtoc ìti o arijmìc twn afÐxewn mèqri th qronik 
stigm  t eÐnai mikrìterh   Ðsh tou 10. Gia na upologÐsoume aut  thn pijanìthta, ajroÐzoume
tic pijanìthtec twn (amoibaÐwc apokleiìmenwn) gegonìtwn ìti akrib¸c k afÐxeic èinai sto
di�sthma [0, t], ìpou k = 0, 1, ..., 10. Epeid  to k�je gegonìc eÐnai amoibaÐwc apokleiìmeno,
ìtan ajroÐzoume apì α = 0 èwc b = 10, to aristerì mèloc thc sqèshc eÐnai h pijanìthta ìti
up rqan 10   ligìterec afÐxeic sto di�sthma [0, t]. 'Ara, isqÔei ìti α = 0 kai b = 10.

'Askhsh 3.

(a) Dedomènou tou gegonìtoc ìti to teleutaÐo ploÐo pou pèrase eÐqe kateÔjunsh proc ta
dutik�:

(I) Ta ploÐa pou èqoun kateÔjunsh proc ta dutik� kai ta ploÐa pou èqoun kateÔjunsh
proc ta anatolik� eÐnai anex�rthtec stoqastikèc diadikasÐec (S.D.) Poisson me
rujmoÔc λW kai λE , antÐstoiqa. JewroÔme th sugqwneumènh S.D. (merged process) h
opoÐa èqei rujmì λW + λE . H prohgoÔmenh �fixh pou prìerqetai apì th S.D. (pou
èqei kateÔjunsh) proc ta dutik� den sqetÐzetai me to an h twrin  �fixh proèrqetai apo
th S.D. (pou èqei kateÔjunsh) proc ta dutik�   proc ta anatolik�. Epomènwc, h
pijanìthta ìti to epìmeno ploÐo pou ja per�sei ja èqei kateÔjunsh proc ta dutik�
isoÔtai me thn eÔresh thc pijanìthtac thc �fixhc pou proèrqetai apì th S.D. (pou
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èqei kateÔjunsh) proc ta dutik�, h opoÐa isoÔtai apl� me ton lìgo tou rujmoÔ thc
S.D. (pou èqei kateÔjunsh) proc ta dutik� proc to lìgo thc sugqwneumènhc S.D.:

P (to epìmeno ploÐo pou ja per�sei ja èqei kateÔjunsh proc ta dutik�) =
λW

λW + λE

(II) OmoÐwc me to prohgoÔmeno er¸thma, upologÐzoume thn pijanìthta ìti h �fixh ploÐou
me kateÔjunsh proc ta anatolik� prokÔptei prin apì thn �fixh ploÐou me kateÔjunsh
proc ta dutik�, dhlad :

P (to epìmeno ploÐo pou ja per�sei ja èqei kateÔjunsh proc ta anatolik�) =
λE

λW + λE

(III) O deÐkthc ja all�xei kateÔjunsh sthn epìmenh �fixh enìc ploÐou pou ja èqei
kateÔjunsh proc ta anatolik�. Apì ton orismì thc S.D. Poisson o qrìnoc pou
apomènei mèqri aut  thn �fixh (o opoÐoc èstw ìti sumbolÐzetai wc X) akoloujeÐ
ekjetik  katanom  me par�metro λE :

fX(x) = λEe−λEx, x ≥ 0

(b) Upojètoume ìti arqÐzoume na parathroÔme thn kÐnhsh sto pot�mi k�poia tuqaÐa stigm :

(I) 'Estw ìti X eÐnai o (pr¸thc t�xhc) qrìnoc metaxÔ diadoqik¸n afÐxewn gia ta ploÐa
pou kinoÔntai proc ta anatolik�, o opoÐoc ekfr�zei to qronikì di�sthma an�mesa sto
qronikì shmeÐo parat rhshc wc thn pr¸th �fixh enìc ploÐou pou èqei kateÔjunsh proc
ta anatolik�. Qrhsimopoi¸ntac aut  thn t.m. mporoÔme na ekfr�soume thn posìthta
W = X1 + X2 + ... + X8, ìpou X1 eÐnai o qrìnoc an�mesa sth qronik  stigm  pou
parathroÔme to pot�mi gia pr¸th for� kai thn pr¸th �fixh (h opoÐa ja eÐnai ekjetik 
me par�metro λE , exaitÐac thc idiìthtac ap¸leiac mn mhc pou èqei h ekjetik 
katanom ), X2 eÐnai o qrìnoc an�mesa sthn pr¸th kai th deÔterh �fixh, k.o.k. Ex
orismoÔ, h PDF thc t.m. W eÐnai isodÔnamh me thn katanom  Erlang 8hc t�xhc:

fW (w) =
λ8

Ew7e−λEw

7!
, w ≥ 0

(II) H diafor� autoÔ tou erwt matoc se sqèsh me to prohgoÔmeno eÐnai ìti t¸ra k�je
ploÐo pou diasqÐzei to pot�mi mac endiafèrei san gegonìc kai ìqi mìno ta ploÐa pou
kateujÔnontai anatolik�. H PDF thc Y eÐnai epÐshc mÐa katanom  Erlang me
diaforetik  par�metro gia to λ:

fY (y) =
(λW + λE)8y7e−(λW +λE)y

7!
, y ≥ 0

'Askhsh 4.

Jèloume na upologÐsoume thn ex c pijanìthta:

P (o K¸stac exuphrèthse j pel�tec|o K¸stac kai h MarÐa exuphrèthsan k pel�tec)

OrÐzoume ta akìlouja gegonìta:
A: akrib¸c j pel�tec katafj�noun tic pr¸tec 6 ¸rec (kat� th b�rdia tou K¸sta)
B: akrib¸c k − j pel�tec katafj�noun tic teleutaÐec 7 ¸rec (b�rdia MarÐac)
C: akrib¸c k pel�tec katafj�noun kat� th sunolik  di�rkeia (twn 13 wr¸n) pou eÐnai
anoiqtì to super market
Ta gegonìta A, B kai C mporoÔn ekfrastoÔn mèsw t.m. Poisson me par�metro λ = 20.
EÐnai epÐshc shmantikì na parathr soume ìti P (A ∩ C) = P (A ∩B). O arijmìc twn
afÐxewn pelat¸n, se diast mata pou eÐnai xèna metaxÔ touc, eÐnai anex�rthtoc o ènac apì
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ton �llo. 'Ara, mporoÔme na sumper�noume ìti ta gegonìta A kai B eÐnai anex�rthta.
Opìte, isqÔei ìti:

P (A|C) =
P (A ∩ C)

P (C)
=

P (A ∩B)
P (C)

=
P (A)P (B)

P (C)

=
λj6j

j! e−6λ λk−j7k−j

(k−j)! e−7λ

λk13k

k! e−13λ
=

k!
j!(k − j)!

6j7k−j

13k
=

k!
j!(k − j)!

6j7k−j

13j13k−j

=
(

k

j

)( 6
13

)j( 7
13

)k−j
, 0 ≤ j ≤ k

ParathroÔme ìti h telik  ap�nthsh èqei thn morf  miac diwnumik c tuqaÐac metablht c.

'Askhsh 5.

(a) Efìson y�qnoume na broÔme ton arijmì twn ��dokim¸n�� ewc kai (sumperilambanomènou kai)
thc pr¸thc ��epituqÐac��, h t.m. N eÐnai gewmetrik  t.m. me par�metro p:

pN (n) = (1− p)n−1p , n ≥ 1

(b) O qrìnoc pou apaiteÐtai gia na odhg sei o astunomikìc apì diastaÔrwsh se diastaÔrwsh
eÐnai ekjetik� katanemhmènoc me par�metro λ. AfoÔ h pijanìthta o astunomikìc na
parathr sei kai na anafèrei èna atÔqhma (se k�je diastaÔrwsh) eÐnai Ðsh me p, h katanom 
tou qrìnou pou mesolabeÐ metaxÔ diadoqik¸n anafor¸n atuq matoc apì ton astunomikì
eÐnai ekjetik  me par�metro pλ (skefteÐte to wc diaqwrismì (splitting) miac Poisson). 'Ara,

fQ(q) = (pλ)e−qpλ , q ≥ 0

(g) Efìson o qrìnoc metaxÔ twn atuqhm�twn eÐnai ekjetik� katanemhmènoc me par�metro pλ, o
arijmìc twn atuqhm�twn se èna dedomèno qronikì di�sthma τ eÐnai mÐa Poisson t.m. me
par�metro pλτ . 'Ara,

P (m anaforèc atuqhm�twn se di�sthma dÔo wr¸n) = pM (m) =
e−2pλ(2pλ)m

m!
, m ≥ 0

(d) MporoÔme na jewr soume ton arijmì twn radiomhnum�twn proc ton astunomikì kai tic
anaforèc pou k�nei o astunomikìc wc anex�rthtec S.D. Poisson me rujmoÔc afÐxewn µ kai
pλ, antÐstoiqa. 'Otan oi dÔo S.D. Poisson eÐnai sundedemènec (joined), h S.D. pou
prokÔptei eÐnai mia S.D. Poisson me rujmì �fixhc µ + pλ. Epiplèon h pijanìthta thc l yhc
radiomhnÔmatoc eÐnai µ

µ+pλ . Epeid  endiaferìmaste na upologÐsoume thn pijanìthta tou
arijmoÔ twn atuqhm�twn pou o astunomikìc anafèrei se di�sthma metaxÔ thc l yhc dÔo
diadoqik¸n radiomhnum�twn apì to kèntro, parathroÔme ìti aut  eÐnai mÐa shifted
Gewmetrik  t.m. me par�metro µ

µ+pλ . 'Ara,

pK(k) =
( pλ

µ + pλ

)k( µ

µ + pλ

)
, k ≥ 0

(e) I. E�n xekin soume na parathroÔme ta radiomhnÔmata tou astunomikoÔ se k�poia tuqaÐa
qronik  stigm , exaitÐac thc idiìthtac ap¸leiac mn mhc metaxÔ twn afÐxewn miac S.D.
Poisson, h katanom  tou qrìnou mèqri na l�bei to epìmeno radiom numa ja eÐnai
ekjetik  me par�metro µ. EpÐshc, o qrìnoc an�mesa sthn prohgoÔmeno radiom numa
kai th qronik  stigm  sthn opoÐa xekin�me na parathroÔme ton astunomikì eÐnai epÐshc
ekjetik  katanom  me par�metro µ. Epomènwc, W = X1 + X2, ìpou X1 kai X2 èqoun
ekjetikèc katanomèc, dhlad  h W eÐnai mÐa deÔterhc t�xhc Erlang PDF

fW (w) = µ2we−wµ , w ≥ 0
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II. AfoÔ oi t.m. X1 kai X2 eÐnai anex�rthtec, h ropogenn tria thc W isoÔtai me to
ginìmeno twn ropoggenhtri¸n twn X1 kai X2, ìpou h k�je mÐa èqei ropoggen tria
MX(s) = µ

µ−s . 'Ara, MW (s) = ( µ
µ−s)

2.

(st) O qrìnoc V , tou opoÐou th ropoggen tria jèloume na broÔme, eÐnai o qrìnoc an�mesa sth
qronik  stigm  pou parathroÔme ton astunomikì kai thc epìmenhc anafor�c atuq matoc,
sÔn to qrìno an�mesa sthn epìmenh anafor� atuq matoc kai tou epìmenou radiomhnÔmatoc
pou lamb�nei. AutoÐ oi dÔo qrìnoi eÐnai anex�rthtoi o ènac me ton �llo. E�n orÐsoume ton
pr¸to qrìno wc Y kai to deÔtero wc Z, parathroÔme ìti exaitÐac thc idiìthtac ap¸leiac
mn mhc, h t.m. Y eÐnai ekjetik  me par�metro λp kai h t.m. Z eÐnai ekjetik  me par�metro µ.
'Ara,

MV (s) = MY (s)MZ(s) = (
λp

λp− s
)(

µ

µ− s
)

'Askhsh 6.

(a) Oi afÐxeic twn opoÐwn oi t.m. ikanopoioÔn th sqèsh Yi ≤ z mporoÔn na jewrhjoÔn wc
apotèlesma diaqwrismoÔ thc arqik c Poisson diadikasÐac �fixhc. H diaqwrismènh diadikasÐa
eÐnai epomènwc Poisson me par�metro λFY (z). OmoÐwc, oi afÐxeic twn opoÐwn oi t.m.
ikanopoioÔn th sqèsh Yi > z, apoteloÔn mÐa diadikasÐa Poisson me par�metro λ(1− FY (z)).
'Ara, gia èna dedomèno z ≥ 0 kai jewr¸ntac ìti to N dhl¸nei ton arijmì twn afÐxewn sto
di�sthma T (kai epÐshc, jewr¸ntac ìti V0 = 0), èqoume ìti:

P (VN ≤ z) = P (N = 0) + P (N1 ≥ 1) = e−λT + 1− e−λFY (z)T

kai
P (WN ≤ z) = P (N2 = 0) = e−λ(1−FY (z))T .

Mia enallaktik  prosèggish ja  tan pr¸ta na jewr soume thn perÐptwsh ìpou
upologÐzoume to el�qisto   to mègisto enìc nteterministikoÔ arijmoÔ t.m.:

Vn = min(Y1, ..., Yn) and Wn = max(Y1, ..., Yn).

H CDF thc t.m. Vn, ìpou n ≥ 1 eÐnai:

FVn(v) = P (Vn ≤ v) = P (min(Y1, ..., Yn) ≤ v) = 1− P (min(Y1, ..., Yn) > v)
= 1− P (Y1 > v)P (Y2 > v) · ... · P (Yn > v) = 1− [P (Yi > v)]n,

ìpou qrhsimopoi same to gegonìc oi t.m. Yi eÐnai anex�rthtec kai omoiìmorfa
katanemhmènec. Apì th sqèsh P (Yi > v) = 1− FYi(v) èqoume ìti

FVn(v) = 1− [1− FYi(v)]n for n ≥ 1.

Anafèretai ìti to el�qisto   to mègisto enìc kenoÔ sunìlou eÐnai 0. 'Ara, FV0(v) = 1.
OmoÐwc, h CDF thc Wn eÐnai:

FWn(v) = P (max(Y1, ..., Yn) ≤ w) = [FYi(w)]n , for n ≥ 1,

ìpou FYi(v) eÐnai h CDF thc Yi kai FW0(w) = 1. T¸ra jewroÔme VN kai WN , ìpou N eÐnai
mia t.m. h opoÐa akoloujeÐ mia Poisson PMF me par�metro λ. DesmeÔontac p�nw se mia
sugkekrimènh tim  tou N , isqÔei ìti:

FVN
(v) =

∞∑

n=0

P (N = n)P (VN ≤ v|N = n) = P (N = 0) +
∞∑

n=1

P (N = n)P (Vn ≤ v)

= e−λT +
∞∑

n=1

(λT )ne−λT

n!
(1− [1− FYi(v)]n)

= e−λT + (
∞∑

n=0

(λT )ne−λT

n!
− e−λT )− (

∞∑

n=0

[λT (1− FYi(v))]n

n!
e−λT − e−λT )

= e−λT + 1− e−λT − e−λT · eλT (1−FYi
(v)) + e−λT ,
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ìpou èqoume qrhsimopoi sei th sqèsh ex =
∑∞

k=0
xk

k! . Opìte, telik� brÐskoume ìti

FVn(v) = e−λT + 1− e−λTFYi
(v).

OmoÐwc, gia thn FWN
(w) èqoume ìti

FWN
(w) = P (N = 0) +

∞∑

n=1

P (N = n)P (Wn ≤ w) = e−λT + (
∞∑

n=0

(λT )ne−λT

n!
[FYi(w)]n − e−λT )

= e−λT
∞∑

n=0

[λTFYi(w)]n

n!
= e−λT · eλTFYi

(w) = e−λT [1−FYi
(w)]

(b) IsqÔei ìti λ = 4 uperfortÐseic/¸ra kai T = 8 ¸rec. EpÐshc, epeid  h Yi eÐnai ekjetik  me
par�metro α = 0.01, èqoume ìti 1− FY (z) = e−αz. Epomènwc, P (WN ≤ z) = e−32e−0.01z .
Gia z = 300, 500 kai 750, antÐstoiqa, h pijanìthta pou prokÔptei eÐnai 0.2033, 0.8060 kai
0.9825.


