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: 13/5/2009'Askhsh 1.(a) 'Estw ìti h t.m. Xi lamb�nei thn tim  1 ìtan o Qr sto
 kerd�zei ton i−ostì gÔro kai èstw

n to pl jo
 twn gÔrwn pou pa�zontai se di�sthma mia
 bdom�da
. H pij�nothta P (Xi = 1)upolog�zetai mèsw th
 olik 
 pijanìthta
:
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2
.'Ara, h mèsh tim  th
 Xi e�nai:

E(Xi = 1) =
1

2
· 0 +

1

2
· 1 =

1

2
.To posostì twn gÔrwn pou o Qr sto
 kerd�zei e�nai:

Sn =
1

n

N
∑

i=1

Xi.AfoÔ oi X1, X2, ..., Xn e�nai ìmoia katanemhmène
, h mèsh tim  tou posostoÔ twn gÔrwntou
 opo�ou
 kerd�zei o Qr sto
 se mia bdom�da e�nai:
E(Sn) = E(X1) =

1

2
.(b) H alÔsida Markov pou perigr�fei to pe�rama e�nai h ex 
:

Sq ma 1: To di�gramma katast�sewn gia thn �skhsh 1(g) 'Estw A h pijanìthta tou gegonìto
 {O Qr sto
 r�qnei pr¸to
 to kèrma, q�nei ton pr¸togÔro, kai kerd�zei ton deÔtero gÔro}, tìte ja e�nai:
P (A) =
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·
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=
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.
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 - 2009/Tr�th Seir� Ask sewn 2'Askhsh 2.(a) ParathroÔme ìti h Xn apotele� mia alus�da Markov. To di�gramma met�bash
katast�sewn fa�netai sto sq ma 2. H diadikas�a p�nta xekin�ei sthn kat�stash 1, opìte hpijanìthta ìti to pr¸to mhdèn prokÔptei se qrìno 1 e�nai 1

4
, h pijanìthta ìti prokÔptei seqrìno 2 e�nai 3

4
· 1

4
kai genik� h pijanìthta ìti prokÔptei se qrìno k e�nai

(3

4

)k−1

·
1

4
, k = 1, 2, . . .(b) 'Ew
 thn 5000η epan�lhyh mporoÔme na upojèsoume ìti h diadikas�a e�nai se steady-state.Epomènw
, apl� ma
 endiafèrei h steady-state pijanìthta tou na e�maste sthn kat�stash 1.Oi exis¸sei
 katast�sewn e�nai:

π1 =
3

4
π1 +

1

3
π0,

π1 + π0 = 1.LÔnonta
 autè
 ti
 exis¸sei
 br�skoume ìti
P (X5000 = 1) ≈ π1 =

4

7
.(g) 'Eqoume ìti

P (X5000 = 1, X5002 = 1) = P (X5002 = 1|X5000 = 1)P (X5000 = 1).Up�rqoun mìno dÔo pijan� sample paths. E�te xekin�me apì thn kat�stash 1 èpeitametaba�noume sthn kat�stash 0 kai epistrèfoume sthn kat�stash 1,   xekin�me apì thnkat�stash 1 kai paramènoume se aut n gia ti
 epìmene
 dÔo epanal yei
. 'Ara, isqÔei ìti
P (X5000 = 1, X5002 = 1) =

4

7

(1

4
·
1

3
+

3

4
·
3

4

)

=
31

84
= 0.369.(d) 'Estw ìti to gegonì
 A antistoiqe� sto ìti h koin  tim  e�nai 1. Epomènw
,qrhsimopoi¸nta
 ton kanìna tou Bayes èqoume ìti

P (A|X5001 = . . . = X5001+m)

=
P (X5001 = . . . = X5001+m|A)P (A)

P (X5001 = . . . = X5001+m|A)P (A) + P (X5001 = . . . = X5001+m|Ac)P (Ac)

=
P (X5001 = . . . = X5001+m|X5001 = 1)P (X5001 = 1)

∑

1

i=0
P (X5001 = . . . = X5001+m|X5001 = i)P (X5001 = i)

=
(3

4
)m · 4
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1 + 3

4
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9
)m

.Pa�rnonta
 to ìrio m → ∞ blèpoume ìti h parap�nw pijanìthta e�nai 1. Diaisjhtik� autìpr�gmati isqÔei afoÔ oi metab�sei
 1 → 1 e�nai pio pijanè
 apì ti
 metab�sei
 0 → 0.

Sq ma 2: To di�gramma katast�sewn gia thn �skhsh 2
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 - 2009/Tr�th Seir� Ask sewn 3'Askhsh 3.(a) To di�gramma katast�sewn th
 Markobian 
 alus�da
 e�nai to ex 
:

Sq ma 3: To di�gramma katast�sewn gia thn �skhsh 1Epijewr¸nta
 to parap�nw di�gramma, oi katast�sei
 6 − 1, 6 − 2, kai 6 − 3 e�nai ìle
metabatikè
, afoÔ k�je mia apì autè
 èqei monop�ti pou odhge� e�te sthn kat�stash 9   sthkat�stash 15. Oi teleuta�e
 dÔo katast�sei
 e�nai aporrofhtikè
 diìti den up�rqei epistrof apì autè
. Epomènw
, h L�za en tèlei af nei thn t�xh 6 me pijanìthta 1.(b) Aut  e�nai apl¸
 h pijanìthta aporrof sew
 gia thn èmmonh kl�sh pou apotele�tai apì thnkat�stash th
 t�xh
 15. 'Estw ìti dhl¸noume thn pijanìthta na aporrofhjoÔme apì thnkat�stash 15 upì thn pro�pìjesh ìti briskìmaste sthn kat�stash i w
 ai. Tìte jètonta
upì ìrou
 kai thn epìmenh kat�stash kai qrhsimopoi¸nta
 to Olikì Je¸rhma Pijanìthta
pa�rnoume:
a15 = 1
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a6−1 =
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3

8
a6−1 +

3

8
a6−2EpilÔonta
 to parap�nw sÔsthma exis¸sewn èqoume:

a6−1 =
105

184
≈ 0.571Ep�sh
, gia ta �lla ai prokÔptei ìti:

a6−2 = 0.77717

a6−3 = 0.50543
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 arijmì
 hmer¸n antistoiqe� ston anamenìmeno qrìno mèqri thn aporrìfhsh gia thnmetabatik  kat�stash 6 − 1. 'Estw µi o anamenìmeno
 qrìno
 mèqri thn aporrìfhsh methn pro�pìjesh ìti e�maste sthn kat�stash i. Tìte jètonta
 upì ìrou
 kai thn epìmenhkat�stash kai qrhsimopoi¸nta
 to Olikì Je¸rhma Pijanìthta
 èqoume:
µ15 = 0

µ9 = 0

µ6−1 = 1 +
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8
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8
µ6−2EpilÔonta
 to parap�nw sÔsthma exis¸sewn pa�rnoume:

µ6−1 =
162

46
=

81

23
≈ 3.522


