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'Askhsh 1.
(a) SÔmfwna me ton orismì thc mèshc tim c èqoume ìti:

E(Y ) = E(
n∑
i=0

Xi) =
n∑
i=0

E(Xi) =
1
2

(n+ 1),

E(V ) = E(Xn −Xn−1) = 0

Oi ropèc deutèrac t�xhc mporoÔn na upologistoÔn wc ex c:

E(Y 2) = E(
n∑
i=0

n∑
j=0

XiXj) =
n∑
i=0

n∑
j=0

E(XiXj) = (n+ 1)(
1
4
n+

1
2

),

E(V 2) = E(X2
n)− 2E(XnXn−1) + E(X2

n−1) =
1
2

SÔmfwna me ta parap�nw mporoÔme ta upologÐsoume tic diasporèc:

σ2
Y = E(Y 2)− (E(Y ))2 =

1
4
n2 +

3
4
n+

1
2
− 1

4
n2 − 1

2
n− 1

4
=

1
4

(n+ 1),

σ2
V = E(V 2)− (E(V ))2 =

1
2
.

(b) SÔmfwna me ton orismì èqoume:

E(esY ) = E(es
∑n
i=0Xi) = E(

n∏
i=0

esXi) =
n∏
i=0

E(esXi)

=
n∏
i=0

(
1
2

+
1
2
es) = (

1
2

+
1
2
es)n+1,

E(esV ) = E(es(Xn−Xn−1)) = E(esXn)E(e−sXn−1)

= (
1
2

+
1
2
es)(

1
2

+
1
2
e−s) =

1
2

+
1
2
cosh(s).

'Askhsh 2.
(a) Estw ìti oi tuqaÐec metablhtèc Bernoulli X1, X2, ..., X1000 èqoun koin  sun�rthsh pijanìthtac
m�zac (pmf)

Xi =

{
1,me pijanìthta 10−10

0,me pijanìthta 1− 10−10
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Epomènwc E(Xi) = 10−10. An N eÐnai to pl joc twn laj¸n se 1000 bits, tìte

E(N) = E(
1000∑
i=1

Xi) =
1000∑
i=1

E(Xi) = 1000E(Xi) = 1000× 10−10 = 10−7.

(b) To �nw ìrio mporeÐ na brejeÐ apì thn anisìthta Marcov:

P{N ≥ 10} = P{N ≥ αE(X)} ≤ 1/α,

ìpou α = 108 kai E(X) = 10−7. Epomènwc P{N ≥ 10} ≤ 10−8. H mègisth pijanìthta gia ≥ 10
l�jh sumbaÐnei ìtan ta l�jh brÐskontai se om�dec twn 10.

'Askhsh 3.

(a) H mèsh tim  k�je l�jouc stroggulopoÐhshc eÐnai 0, kai h diaspor� eÐnai
∫ 0.5
−0.5 u

2du = 1
12 .

Epomènwc E[S] = 0 kai var(S) = 100
12 = 8.333. Epomènwc P [|S| ≥ 5] = P [| S√

8.333
| ≥ 5√

8.333
]

= 2Q(1.73) = 2(1− Φ(1.732)) = 0.083

'Askhsh 4.
(a) E[X1] = 1+2+3+4+5+6

6 = 3.5 kai sÔmfwna me thn anisìthta Markov èqoume

P [S100 ≥ 400] ≤ 100(3.5)
400 = 7

8 .

(b) E[X2
1 ] = 12+22+32+42+52+62

6 = 15. 'Eqoume epÐshc ìti var(Xi) = 15 − 3.52 = 2.75. SÔmfwna
me thn anisìthta tou Chebyshev P [S100 ≥ 400] = P [|S100| − 350 ≥ 50] ≤ 100(2.75)

502 = 0.11

(g) H prosèggish me b�sh to kentrikì oriakì je¸rhma mac dÐnei:
P [S100 ≥ 400] = P [ S100−350√

(2.75)100
≥ 400−350√

(2.75)100
] ≈ Q( 400−350√

(2.75)100
) = Q(3.015) = 1− Φ(3.015) ≈ 0.0009

'Askhsh 5.
(a) H mèsh tim  thc Xn eÐnai 0 kai h diaspor� eÐnai σ2. Epomènwc,

E[Yn] = E[
∞∑
k=0

rkXn−k] =
∞∑
k=0

rkE[Xn−k] = 0.

Lìgw thc grammikìthtac thc mèshc tim c kai thc anexarthsÐac twn Xn èqoume

σ2
Yn = E[(

∞∑
k=0

rkXn−k)2] = E(
∞∑
k=0

∞∑
j=0

rkXkr
jXj) =

∞∑
k=0

∞∑
j=0

rkrjE(XkXj)

=
∞∑
k=0

r2kσ2 =
σ2

1− r2
.

(b) O metasqhmatismìc tou X eÐnai MX(s) = es
2σ2/2. Tìte,

E[esYn ] = E[es
∑∞
k=0Xn−kr

k
] = E[

∞∏
k=0

esXn−kr
k
] =

∞∏
k=0

E[esXn−kr
k
]

=
∞∏
k=0

MX(srk) = e
s2σ2 ∑∞

k=0 r
2k

2 = e
s2σ2

Y
2
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ìpou eÐnai o metasqhmatismìc miac tuqaÐac Gkaousian c metablht c me mèsh tim  0 kai diaspor�
σ2
Y . Ja mporoÔsame na èqoume sumpèrasma gia thn sun�rthsh pijanìthtac apì to gegonìc oti h Yn

eÐnai grammikìc sunduasmìc (me b�rh) anex�rthtwn tuqaÐwn Gkaousian¸n metablht¸n. Epomènwc
eÐnai Gkaousian  (me mèsh tim  kai diaspor� pou èqoun  dh brejeÐ).

(g) H exÐswsh thc Yn mac dÐnei:

Yn =
∞∑
k=0

Xn−kr
k = Xn +

∞∑
k=1

Xn−kr
k = Xn + r

∞∑
k=1

Xn−kr
k−1

= Xn + r
∞∑
k=0

Xn−1−kr
k = rYn−1 +Xn.

'Askhsh 6.
(a) Profan¸c h t.m. X eÐnai diwnumik  me (n, p) = (25.600, 1

2).

(b)

E[X] = np = 25600× 1
2

= 12800

var(X) = np2 = 6400

(g) AfoÔ X + Y = 25600, oi X,Y den mporeÐ na eÐnai anex�rthtec.

(d) Oi X kai Y eÐnai aparaÐthta kai oi dÔo �rtioi   kai oi dÔo perittoÐ. Wc ek toÔtou, h diafor�
touc, X − Y , den mporeÐ na isoÔtai me 537 ,thn uperoq  tou B apì ton A. Epomènwc, k�poioc apì
touc A, B ja nik sei.

(e) H t.m. Z = X − Y èqei mèsh tim  E[Z] = E[X − Y ] = E[2X − 25600] = 2E[X]− 25600 = 0
kai diaspor� var(X) = var(2X − 25600) = 4var(X2) = 25600

(st) SÔmfwna me to Je¸rhma KentrikoÔ OrÐou, h t.m. Z mporeÐ na proseggisteÐ apì mia kanonik 
t.m. me Z ∼ N(0, 25600).

Epomènwc, P (o B kerdÐzei) = P (Z ≤ 536) ≈ Φ( 536−0√
25600

) = Φ(3.35) ∼= 0.9996.

(z) Se aut n thn perÐptwsh, h t.m. X eÐnai diwnumik  me paramètrouc (25600, p). Epomènwc h di-
afor� Z = X−Y = 2X−25600 èqei E[Z] = 2E[X]−25600 = 2×25600p−25600 = (2p−1)25600
kai diaspor� var(Z) = 4var(X) = 4× 25600p2

P (o A kerdÐzei) = P (Z ≥ 538) ∼= 1− P (Z ≤ 538) = 1− Φ(538−25600(2p−1)√
var(Z)

) ≥ 0.5

To ìrisma thc Φ(.) prèpei na eÐnai to polÔ 0, epomènwc 538 ≤ 25600(2p− 1)⇒ p ≥ 0.5105.


