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'Askhsh 1. To gr�fhma thc alusÐdac faÐnetai sto Sq ma (1).

(a) 'Estw Ak to gegonìc ìti to sÔsthma episkèptetai thn S2 gia pr¸th for� th qrìnik 
stigm  k. O mìnoc trìpoc na emfanisteÐ to Ak eÐnai na episkefteÐ thn S3 thn qronik 
stigm  0, na meÐnei ekeÐ tic epìmenec k − 2, kai telik� na episkefteÐ thn S2 thn qronik 
stigm  k. Epomènwc,

P (Ak) = p03 · pk−2
33 · p32 =
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)
=

1
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)k−1
,

for k = 2, 3, ....

(b) 'Estw A to gegonìc ìti to sÔsthma den episkèptetai thn S4 potè. Up�rqoun treÐc trìpoi
na emfanisteÐ to A. O ènac trìpoc eÐnai ean gÐnei h met�bash apì to S0 sto S1, o �lloc
trìpoc eÐnai na gÐnei h met�bash apì to S0 sto S5. Oi metab�seic autèc pragmatopoioÔntai
me pijanìthta 2

3 . Tèloc, to A mporeÐ na emfanisteÐ ean h pr¸th met�bash eÐnai apì to S0

sto S3 kai met� sto S2. H pijanìthta na metabeÐ apì to S0 sto S3 eÐnai 1
3 . Dedomènou ìti

pragmatopoi jhke h met�bash aut , h pijanìthta met� na episkefteÐ thn S2 eÐnai
1
4

1
4
+ 1

2

= 1
3 .

Sunolik� h met�bash apì to S0 sto S3 kai met� sto S2 gÐnetai me pijanìthta 1
9 . Epomènwc,

h pijanìthta na mhn episkefteÐ potè to S4 eÐnai 2
3 + 1

9 = 7
9 .

(g) P ({epÐskeyh sto S0 kai èxodoc apì to S0 thn epìmenh qronik  stigm  })

= P ({epÐskeyh sto S0})P ({egkataleÐpei to S0}|{brÐsketai sto S0})
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(d) To gegonìc autì mporeÐ na pragmatopoihjeÐ ean gÐnoun diadiqik� oi metab�seic,

S0 → S3 → S2 → S1.

Epomènwc,
P ({episkèptetai to S1 gia pr¸th for� thn qronik  stigm  3 }) = p03·p32·p21 = 1

3 · 14 · 12 = 1
24 .

(e) P ({epÐskeyh sto S3 amèswc met� th qronik  stigm  N })
= P ({episkèptetai to S3 gia pr¸th for� thn qronik  stigm 

1 kai mènei ekeÐ gia tic epìmenec N-1 qronikèc stigmèc })
=

1
3
·
(1

4

)n−1
gia n = 1, 2, 3, ....
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Sq ma 1: Markobian  alusÐda èxi katast�sewn.
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Sq ma 2: Markobian  alusÐda gia tic dÔo etairÐec A,B.

'Askhsh 2.

(a) 'Estw A,B oi dÔo etairÐec, h Markobian  alusÐda montelopoieÐtai ìpwc faÐnetai sto Sq ma
(2).

(b) IsqÔoun oi parak�tw sqèseic,

1
2
π1 +

1
3
π2 +

1
3
π3 = π1

1
4
π1 +

2
3
π3 = π2

1
4
π1 +

2
3
π2 = π3

∑

i

πi = 1.

LÔnontac to sÔsthma èqoume ìti π1 = 4
10 , π2 = 3

10 , π3 = 3
10 . 'Ara h oriak  pijanìthta ìti se

mia qroni� sto ap¸tero mèllon oi dÔo etairÐec ja èqoun Ðdiouc proôpologismoÔc diaf mishc
eÐnai 40%.
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Sq ma 3: Markobian  alusÐda M katast�sewn.
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Sq ma 4: Markobian  alusÐda sthn perÐptwsh ìpou h MarÐa pont�rei 100 en¸ èqei xekin sei me
200 eur¸.

'Askhsh 3.

(a) OrÐzoume mia Markobian  alusÐda, Sq ma (3), me tìsec katast�seic ìsouc kai foithtèc,
dhlad  0, 1, ..., M . 'Estw ìti Mq < 1, to gr�fhma gÐnetai wc ex c:

(b) Gia thn Markobian  alusÐda tou erwt matoc a), oi exis¸seic isorropÐac eÐnai,

πip = πi+1(i + 1)q, i = 0, 1, 2, ...,M − 1.

OrÐzoume ρ = p/q, opìte πi+1 = ρ
i+1πi, �ra,

πi =
ρi

i!
π0, i = 0, 1, 2, ..., M − 1. (1)

'Omwc, 1 = π0 + π1 + π2 + ... + πM kai epomènwc,

1 = π0

(
1 +

ρ1

1!
+

ρ2

2!
+ ... +

ρM

M !

)
,

π0 =
1

∑M
k=0

ρk

k!

. (2)

Qrhsimopoi¸ntac epomènwc tic (1), (2) èqoume ìti,

πi =
ρi

i!∑M
k=0

ρk

k!

.

Epomènwc, o mèsoc arijmìc twn pelat¸n sthn our� eÐnai,

N̄ =
M∑

i=0

iπi = ρ ·
∑M−1

i=0
ρi

i!∑M
k=0

ρk

k!

.

'Askhsh 4.

(a) AnalÔoume kai tic dÔo strathgikèc.
Arqik�, h MarÐa pont�rei 200 eur¸. 'Etsi, eÐte ja kerdÐsei to epijumhtì posì eÐte ja ta
q�sei ìla. H pijanìthta na kerdÐsei eÐnai p.
Sthn �llh perÐptwsh, h MarÐa pont�rei 100 eur¸. To gr�fhma thc alusÐdac sthn
perÐptwsh aut  faÐnetai sto Sq ma (4):
Jèloume na upologÐsoume thn pijanìthta h MarÐa na kerdÐsei telik� dedomènou ìti
xekÐnhse me 200 eur¸. Me αj sumbolÐzoume thn pijanìthta na kerdÐsei h MarÐa dedomènou
ìti xekÐnhse me j eur¸. 'Eqoume,

α1 = α2p

α2 = α1(1− p) + α3p

α3 = α2(1− p) + p.
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Sq ma 5: H suneqìmenh gramm  ekfr�zei thn pr¸th strathgik  (pont�rw ìsa left� èqw) en¸ h
diakekommènh thn deÔterh strathgik  (pont�rw 100 eur¸ en¸ èqw 200).

LÔnontac to sÔsthma èqoume ìti,

α2 =
p2

1− 2p + 2p2
.

SugkrÐnontac ta p kai α2 mporoÔme na apofasÐsoume poi� strathgik  prèpei na epilèxei h
MarÐa. Sth grafik  par�stash tou Sq matoc (5) h suneqìmenh gramm  ekfr�zei thn pr¸th
strathgik  en¸ h diakekommènh thn deÔterh strathgik . Apì to di�gramma mporeÐ na
parathr sei kaneÐc ìti h pr¸th strathgik  eÐnai protimìterh ìtan p < 1/2, en¸ h deÔterh
ìtan p > 1/2. Gia p = 1/2 oi dÔo strathgikèc den diaforopoioÔntai.

(b) Me pijanìthta p = 0.75, h bèltisth strathgik  eÐnai h MarÐa na pont�rei 100 eur¸ ìtan
èqei 200 eur¸. Prèpei na upologÐsoume ton mèso arijmì prospajei¸n mèqric ìtou q�sei ìla
ta left�   ta diplasi�sei, dedomènou ìti xekÐnhse me 200 eur¸.
'Estw µi o mèsoc arijmìc xekin¸ntac apì th jèsh i. Tìte µ0 = 0, µ4 = 0 (absorption
states). IsqÔei,

µi = 1 +
∑

j=1

3pijµj .

Gia tic di�forec timèc tou j èqoume tic exis¸seic:

µ1 = 1 + pµ2

µ2 = 1 + (1− p)µ1 + pµ3

µ3 = 1 + (1− p)µ2.

'Ara gia p = 0.75 èqoume ìti µ1 = 3.4, µ2 = 3.2, µ3 = 1.8. H ap�nthsh sto er¸thma eÐnai
3.2.


