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Jèma 1

Sq ma 1: Markobian  alusÐda jèmatoc 1 (a)

(a) O pÐnakac pijanìthtac met�bashc eÐnai:

P =
[

1/3 2/3
1/2 1/2

]

(b) P (Xn = 2/Xn−1 = 1) = 2
3

(g) P (Xn = 2/Xn−1 = 1, Xn−2 = 2) = P (Xn = 2/Xn−1 = 1) = 2
3

(d)

P (Xn = 2/Xn−2 = 2) = P (Xn = 2/Xn−1 = 1, Xn−2 = 2)P (Xn−1 = 1/Xn−2 = 2)
+ P (Xn = 2/Xn−1 = 2, Xn−2 = 2)P (Xn−1 = 2/Xn−2 = 2)
= P (Xn = 2/Xn−1 = 1)P (Xn−1 = 1/Xn−2 = 2)
+ P (Xn = 2/Xn−1 = 2)P (Xn−1 = 2/Xn−2 = 2)

= P12P21 + P22P22 =
2
3
× 1

2
+

1
2
× 1

2
=

7
12

(e) P (X3 = 1) = P (X1 = 1)(P11P11 + P12P21) + P (X1 = 2)(P21P11 + P22P21) = · · · = 31
72

(st)

π =
[

π1 π2

]
= πP =

[
π1 π2

] [
1/3 2/3
1/2 1/2

]

Epomènwc

π1 =
1
3
π1 +

1
2
π2

π2 =
2
3
π1 +

1
2
π2

To sÔsthma mac dÐnei: 2
3π1 = 1

2π2. 'Omwc π1 + π2 = 1. Sunep¸c π = 3
7 kai π2 = 4
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Jèma 2

Sq ma 2: Markobian  alusÐda jèmatoc 2 (a)

(a) Wc kat�stash tou sust matoc orÐzoume ton arijmì twn dollarÐwn pou o K¸stac èqei sthn
tsèph tou {0, 1, 2, 3, 4, 5}. To gr�fhma thc alusÐdac faÐnetai sto sq ma 2 kai o pÐnakac
pijanot twn met�bashc eÐnai o akìloujoc:

P =




1 0 0 0 0 0
20/38 0 18/38 0 0 0

0 20/38 0 18/38 0 0
0 0 20/38 0 18/38 0
0 0 0 20/38 0 18/38
0 0 0 0 0 1




Oi katast�seic 0 kai 5 eÐnai èmmonec, en¸ oi 1, 2, 3, 4 eÐnai metabatikèc.

(b) ZhtoÔme ousiastik� tic pijanìthtec aporrof sewc tou sust matoc apì tic katast�seic
s = 0 kai s = 5, ìtan autì xekin� apì tic katast�seic i = 3   i = 2
ai , P (Xn = s/X0 = i). 'Estw ìti s = 0 (o K¸stac feÔgei qamènoc). Oi pijanìthtec
aporrof sewc ai ikanopoioÔn to grammikì sÔsthma (selÐda 75 twn shmei¸sewn).

a0 = 1, a5 = 0, ai =
5∑

j=D

Pijaj gia i = 1, 2, 3, 4

'Eqoume loipìn:

a1 = P10 · a0 + P12 · a2

a2 = P21 · a1 + P23 · a3

a3 = P32 · a2 + P34 · a4

a4 = P43 · a3 + P45 · a5




⇒

a1 = 20
38 · 1 + 18

38 · a2

a2 = 20
38 · a1 + 18

38 · a3

a3 = 20
38 · a2 + 18

38 · a4

a4 = 20
38 · a3 + 18

38 · 0

LÔnontac to sÔsthma èqoume ìti:

a =




a0

a1

a2

a3

a4

a5




=




1
0.8398
0.6618
0.4640
0.2442

0




'Ara h pijanìthta na fÔgei qamènoc apì to kazÐno, en¸ èqei mpei mèsa me 3$ eÐnai
a3 = 0.6618. An xekinoÔse me 2$ ja èfuge qamènoc apì to kazÐno me pijanìthta
a2 = 0.8389. Kaj¸c up�rqoun mìno dÔo èmmonec katast�seic, h pijanìthta to sÔsthma na
aporrofeijeÐ apì thc s = 5(o K¸stac na fÔgei qaroÔmenoc) eÐnai:
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1− a =




0
0.1602
0.3382
0.5360
0.7558

1




'Ara h pijanìthta na fÔgei qaroÔmenoc apì to kazÐno, en¸ èqei mpei mèsa me 3$ eÐnai 0.5360,
en¸ an èqei mpei me 2$ eÐnai 0.3382.

(g) ZhtoÔme to mèso qrìno aporrof sewc tou sust matoc xekin¸ntac apì thn kat�stash
i = 3, µ3 (selÐda 81 twn shmei¸sewn):

µ0 = µ5 = 0

µi = 1 +
5∑

j=0

Pijµj gia i = 1, 2, 3, 4

UpologÐzoume lÔnontac to parak�tw sÔsthma brÐskoume to µ3:

µ1 = 1 +
20
38

µ0 +
18
38

µ2

µ2 = 1 +
20
38

µ1 +
18
38

µ3

µ3 = 1 +
20
38

µ2 +
18
38

µ4

µ4 = 1 +
20
38

µ3 +
18
38

µ5


